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RIESZ TRANSFORMS CHARACTERIZATIONS 
OF HARDY SPACES H 1 
FOR THE RATIONAL DUNKL SETTING 
AND MULTIDIMENSIONAL BESSEL OPERATORS 

JACEK DZIUBANSKI 


Abstract. We characterize the Hardy space H 1 in the rational Dunkl setting associated 
with the reflection group ZJ by means of Riesz transforms. As a corollary we obtain a Riesz 
transform characterization of H 1 for product of Bessel operators in (0,oo) n . 


1. Introduction and statement of the result 

The theory of Dunkl operators had its origin in a series of seminal works and was 

developed by many mathematicians afterwards. The Dunkl operators form a commuting 
system of differential-difference operators associated with a finite group of reflections. We 
refer the reader to the lecture notes [18], [T3J and references therein for the rational Dunkl 
theory and to 116j for the trigonometric Dunkl theory. 

In the present paper, on the Euclidean space M n , n > 1, we consider the Dunkl operators 

D jf(*) = m J / ( x ) + [/( x ) — / x )] (1 = 1,2 

associated with the reflections 


( 1 . 1 ) 


(Tj(x!,X 2 , ■ ■ ■ 


5 X j , ' 


l) = {XI,X 2 ,...,~X 


U ' 


, Xr, 


and the multiplicities kj > 0. Their joint eigenfunctions form the Dunkl kernel 

n TL 

j=1 E kj{ x j,yj ), 


(1-3) D J E(-,y)(x) = yj E(x,y), 

where 

1 E k(x,y) = f { j + \l-u) k -\l+u) k e*y u du 

= 2 k ~ 1 / 2 r(k+ ^j\xyfi- k (lk-i/ 2 (\xy\) + sgn(xy)I k+1/2 {\xy\f) 

(see for instance m p. 107, Example 2.1]). Here I u (x) is the modified Bessel function (see, 
e.g., [13 [21] ,). Notice that E(x, y) = e^ x,y ^ if all multiplicities kj vanish. 

The Dunkl Laplacian 


l /w = Ej = 




■)7w + s 


d 

dxj 


/(x)-^[/(x)-/(u J 


X 
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is the infinitesimal generator of the heat semigroup {e* L }t> o, which acts by linear self-adjoint 
operators on L 2 (R n , d/z) and by linear contractions on L p (R n , d/z), for every 1 < p < oo, where 

(1.5) d/z(x) = d/zi(xi) ... dfj, n (x n ) = |xi| 2fcl ... \x n \ 2k " dx\ ... dx n . 

Clearly, 

LE(-,y)(x) = |y| 2 E(x, y). 

The heat semigroup, which is strongly continuous on L p (R n ,d/z) for 1 < p < oo, consists of 
integral operators 

e tL /(x)=/ h t (x, y) /(y) d/z(y) 


associated with the heat kernel 

( 1 . 6 ) 

see, e.g., mi, where 
(1.7) 

is the homogeneous dimension and 


, / . _1 _N |x| 2 +|y | 2 . 

h*(x,y) = c k t 2 e 4 t y), 


N = n 


E 71 ^ 

2 

3=1 


Ck = 2 2 f e ' 2 dn(x.) = 2™ + 

J i" 

The Dunkl transform is dehned by 
(1.8) Jc/(^) = c k x / /(x)E(x,-i£)d/z(x). 

It is an isometric isomorphism of T 2 (M ?1 , d/z) onto itself with the inversion formula: 

/(x) = ^ 2 /(-x) 

(see, e.g., [8], [12]). 

The Hardy space 7 7^ a x L associated with L is the set of all functions /GT 1 (R n ,d/z) whose 
maximal heat function 

(1-9) h*/(x) = sup t>0 f hj(x, y) /(y) d/z(y) 

Jr 

belongs to L 1 (R ri ,d/z) and the norm is given by 

ll/ll ZH T = l|h*/||Ll(Rn d M ). 

Now we turn to the atomic definition of the Hardy space H 1 . Notice that R n , equipped with 
the Euclidean distance d(x, y) = |x—y| and with the measure /z, is a space of homogeneous 
type in the sense of Coifman-Weiss [3]. An atom is a measurable function a : R n —>• C such 
that 

• a is supported in a ball B , 

• l|a| \l°°< fJ-(B)- 1 , 

• / a(x) d/z(x) = 0. 

JR" 

By definition, the atomic Hardy space H^ tom consists of all functions /€T 1 (R n ,d/z) which 
can be written as f = where the ag s are atoms and an d the norm is 

given by 

= ^ E/M’ 

where the infimum is taken over all atomic decompositions of /. 
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Hardy spaces on spaces of homogeneous type (see, e.g., ed m , m) are extensions of the 
classical real Hardy spaces on M n . For characterizations and properties of the classical Hardy 
spaces we refer the reader to the original works is], m, m, 0. More information are given 
in the book m and references therein. 

Hardy spaces associated with the Dunkl operator L were studied in [lj. The following 
theorem was proved there. 

Theorem 1.10. The spaces // T l n;iv L and tom coincide and the norms ||/||#i and ||/||#i. 
are equivalent. 


The present paper is a continuation of [T] and deals with the Riesz transforms characteri¬ 
zation of // t ’ nax L . We define the Riesz transforms in the Dunkl setting putting 


Kj = Dj{- L)~ 1/2 . 


The operators IZj can be expressed as the Dunkl multiplier operators, namely, 


( 1 . 11 ) 


^/(x) = Dj(- L)- 1 / 2 /(x) = Dj f (x,^/(0d/*(0 

Is I 

= [ z4e(x,^/(^)^(0- 

il" Is I 


Our main result is the following theorem which is an analogue of the result about the 
characterization of the classical Hardy spaces by the classical Riesz transforms g|-(—A) -1 / 2 
(see, e.g., |2U( Chapter III, Section 4]). 


Theorem 1.12. Let f € L 1 (R n , dpT). Then f € Ti if and only iflZjf £ L 1 (M n , dpi) for 
j = 1,2,...,n. Moreover, there exists a constant C> 0 such that 

n 

(1.13) C 1 ll/ll#^ ax L < II/IIlRR",^) + ^ 11 'R'j /11L 1 (R n , dn) < C ll/ll//^ ax L • 

1=1 


Let us emphasize that Theorem 11.121 implies a Riesz transform characterization of the 
Hardy space axL associated with multidimensional Bessel operator L. To be more precise, 
on (0, oo) n equipped with the measure dpi we consider the Bessel operator 

ST' ( 2 kj d \ 

4 \dx? Xj dxj) 

and the associated semigroup {e tL }j>o- The action of the semigroup e tL on functions is given 
by integration against the heat kernel Hb(x, y), namely, 

(1-14) e tL /(x)=/ M*(x,y)/(y)d/i(y), 

J (0,oo) n 

where M t (x,y) = I!)' , h,'(;r,.//,), 

(1.15) hj j] ( Xj , yj ) = (2 ty 1 exp(-(.x 2 + Vj)/M)I k ._i /2 (^f L ) ( x jVj )~ kj+1/2 > 

(see [M|). We dehne the Hardy space (see, e.g., ED 

#max,L = {/ € L 1 ((0,oo) n , dfT) : ||sup|e tL /l|| L i ({0i0o) . )(i/x) = II/IIh^ < oo}. 

Let Rj = d x .L -1 / 2 denote the Riesz transform associated with L. Now we state our second 
main result. 
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Theorem 1.16. Assume that f E L 1 ((0, oo) Tl , dpi). Then f belongs to ij / ia YT if and only if 
Rjf E L 1 ((0, oo) n , dfi) for j = 1,2, ...,n. Moreover, there is a constant C > 0 such that 


(1.17) 




II / IIL 1 ((0,oo) n ,d/i) + y ^ \\Pj f \\ L 1 ((O,oo) n ,d/j.) — C 11 /11 • 

i=i 


2. Poisson semigroup 

The Poisson semigroup {Pt}t> o i n the Dunkl setting is defined by: 

P t /(x) = e -^/(x)=J- 1 ( e -^lj’/(0)(x)= [ P t (x,y)d/*(y), 

JR" 

where the associated Poisson kernel is given by 

P(x, y ) = c [ E(x, i£)e _t|€l E(y, -i£)d/z(£). 

JR" 

By the subordination formula 

1 /*oo 

(2-1) P(x,y) = -= / e -“h i2/4u (x,y)^. 

V 71 " JO v' u 

It easily follows from (12.ip . (11,61) . (11.21) and (11.4|) that Pt(x,y) = P t (y,x) is a positive smooth 
function of the (t, x, y) variables. We shall also show (see Appendix) that for every 1 < p < oo 
and t > 0 there is a constant C p j such that 

(2.2) sup [ P t (x,y) p d/z(y) < C Ptt . 

xeR"JR" 

Let C = Jp- + L. Then 

(2.3) £P*/(x) = 0. 

Let 

P,/(x) = sup \ Ptf (x)| 

t> 0 

be the maximal operator associated with {Pt}t> o- 

In order to prove Theorem 11.121 we shall use Theorem 12.41 and Proposition 12.51 The proofs 
of them together with basic properties of Pf(x, y) are presented in the appendix. 

Theorem 2.4. (a) Let f E L 1 (M n , dfi). Then f E P^ iax L if and only if the maximal function 
P*/ belongs to L 1 (M n , dfi). Moreover, 

ll^/llii(R",d M ) ~ ll/llH^ axL - 

(b) For every 1 < p < oo the maximal operator P* is bounded on P p (M n , d/z). 

Proposition 2.5. (a/ Assume that g E L 1 1 oc (R n , dpi) and limixi^^ |y(x)| = 0. Then 

lim Pts(x) = 0. 

(|x|+t)—voo 

(b) If f E L 1 (M n ,ti/z), f/ien /or every e>0 we Ziave 
(2.6) lim Pt+ef (x) = 0. 

(|x|+t)—»oo 
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3. Key lemma 

The following lemma, which is perhaps interesting in its own, will play a crucial role in the 
proof of Theorem 11.121 

Lemma 3.1. For every positive integer n and every e > 0 there is 6 > 0 such that for any 
matrix 

bo,o &o,i ••• &0,n 

B _ &i,o &i,i ••• bi !n 

bn,0 b n> i ... ^n,n 

with real entries we have 

(3.2) ||1?|| 2 < (1 — <5)||-B||hs +e^(trH) 2 + y^XKj ~ M) 2 )- 

i<j 

Here ||H|| = sup^g^n+y ||a;||=i ||-B*|| is the ordinary norm of B and ||H||hs = (YX]=o YXi=o i) 1 ^ 2 
is the Hilbert-Schmidt norm. 

Proof. Let S = (sjj)ij=o,i,...,n and A = (®i,j)hi=o,i,...,n denote any symmetric and antisym¬ 
metric matrix respectively. It is clear that 

(3-3) ||H + 5||hs = II^-IIhs + II^IIhs’ 

(3.4) ’Y^( a hj ~ a j,iY = 2 IMHhs- 

i<j 

It is known (see e.g., Section 3.1.2 of Chapter VII of m that ()3.2j) holds for symmetric trace 
zero matrixes. Observe that it also holds for antisymmetric matrixes with 5 = 2s. Indeed, 
from (13.41) . we get 

Mil 2 < IMIIhs = (1 - 2 £ )MIIhs + £ “ a i,*) 2 - 

i<j 

We claim that for any fixed e > 0 and A. S such that MUhs > MIIhs = -*■> we h ave 

(3.5) | \A + S>|| 2 < (1 — e)| \A + S'Uhs + 2£ MIIhs- 
To see (|3.5jl we utilize (13.31) and obtain 

M + 5|| 2 < \\A + S’Uhs = MIIhs + MIIhs 

= (1 — £)M||hs + £ IMIIhs + 1 

< (1 — £)M||hs + £ MIIhs + £ IMIIhs 

< (1 — e)\\A + S'Uhs + 2£ IMIIhs- 

Since (13.21) is homogeneous of degree 2, that is, ||LB|| 2 = i 2 ||I?|| 2 , and 

(1—d)||tH||Hs+gf(to tB) 2 +y^X t bi,j—tbj,i) 2 ') = t 2 ((l—5)\\B\\ft S +E((trB) 2 +y^Xbi,j—bj,i) 2 ^)\ 

i<j i<j 

it suffices to prove (13.2p for B = A + S with S' running over the unit sphere in the Hilbert- 
Schmidt norm, that is, US’Hhs = 1- Assume that (|3.2j) does not hold. Then there is s > 0 such 
that for every 5 n = 4 there are A n and S n , (SM^g = 1, such that 

(3.6) ||A n + S’ n || 2 > (1 — S n )\\A n + S' n ||Hs + 2e||A n ||Hs + e(tr S n )' 2 . 
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It follows from (13. 5 p that ||H n ||^ s — 1 f° r l ar § e n - Thus S n and A n are in compact sets. 
There is a subsequence rik such that S Uk and A Uk converge to S and A respectively. Moreover, 
Ms = i. Passing to limit in (13.61) as k —>• oo, we obtain 

(3.7) \\A + S\\ 2 > \\A + S'Uhs + 2e||vl|||s + e ( tr S) 2 - 

The inequality (|3.7I) implies that A = 0 and tr S = 0. Hence ||<S'|| 2 > ||<S'||hs! which is impossible 
for a nonzero symmetric matrix S with tr S = 0. □ 

4. Riesz transforms and Cauchy-Riemann equations 
F or a function / € L 1 (M Tl , dp) such that TZj f € L 1 (M n ,d/i) we define the functions 

tto(f,x) = P f /(x) = f e _<| £ | J : '/(£)E(xV£)dp(£), 

(4T) Jvt 

Uj(t,x) = -P t (77j/)(x) = - / i-^-e t|€l J 7 /(^)E(x,i£)d/x(£). 

141 

The functions Uj, j = 0,1,... ,n , are C°° on (0,oo) x M n . It is easy to check using (|1.3I) and 
(14.11) that they satisfy the following Cauchy-Riemann type equations: 

DjUo(t, x) = dtUj(t, x), j = 1,..., n; 

Djue ( t , x ) = Deuj ( t , x ), j ,£ = 1, ....,n; 

(4.2) 

d t u 0 (t,x.) + ^ DjUj(t,x) = 0. 
i=i 

From now we shall assume that / is real-valued, then so are Uj, j = 0,1, ...,n. 

Let Q denote the group of reflections in M n generated by crj, j = 1 ,...,n. For cr £ Q 
and a function u(t,x) defined on (0,oo) x W 1 we denote u a (t,x.) = u(t.,ax.). If u(t,x) = 
{uo(t, x), u±(t, x),..., u n (t, x)) satisfies (14. 2p . then so does u fT (f, x) = (uq (t, x), itj(t, x),..., ufft, x)). 
Moreover, if (u 0 (t, x), tti(f, x),..., u n (t, x)) is of the form (|4.1I) . then 

w^(t,x) = R t (/ CT )(x), uj(t,x) = P t (77 i (/ <T ))(x), 

where f a (x.) = /(crx). 

For a C 2 function u(t,x) = (uo(i, x), ui(t, x),..., it n (t, x)) satisfying (14.21) consider the func¬ 
tion F : (0, oo) X M n —> ]R( n + 1 )'l5l ) 

F(t,x) = {u a (t,x)} ae g. 

Observe that |E(i,x)| = |F(t,(Jx)| for every cr E Q, where 

n 

|T(t,x)| 2 = J^^K(t,x)| 2 . 
a£G 1=0 

Our main taks is to prove that the following proposition, which is an analogue of the classical 
result (see, e.g., [2TJ Section 3.1 of Chapter VII]). 

Proposition 4.3. There is an exponent 0 < q < 1 which depends on k \,..., k n such that the 
function \F\ q is C-subharmonic, that is, C(\F\ g )(t,x.) > 0 on the set where |E| > 0. 

Proof. Observe that \F\ q is C 2 on the set where |E| > 0. Let • denote the inner product in 
R( n+ i)-l®l. In order to unify our notation we denote the variable t by x$. For j = 0,1, ...,n, 
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we have 


d Xj \F\i=q\Fr 2 ((d Xj F).F) 

d 2 Xj \F\i = q(q - 2)| F\^({d Xj F) ■ pf + q\F\«~ 2 ((d 2 x .F) • F + \d Xj F \ 2 ) . 
Recall that |F(x 0 ,x)| = |F(xo,crx)|. Hence, 

m q = - 2)|Fr 4 { ((d X0 F) .f) 2 + ± ((d Xj F) • f) 2 } 


(4.4) 


3 = 1 

2k, 


+ q\Fr 2 { (d 2 X0 F + Y, {d 2 Xj F + /••;) ) • F + \d Xo F\ 2 + £ \d Xj F\ 2 ). 

j =1 3 3 =1 

Since DjDpf = DgDjf for / € C' 2 (R n ), we conclude from (14.21) that for t = 0,1 and 
er £ Q we have 


n 9h n b- 

d l 0 u e + X] (plA + -zrridxjUt)) = u T i )- 


3 = 1 


i=l ** 


Thus, 


2k i 


3 = 1 


fci 


5 xo F + 2 + ^(4,F)) j • F = ^ ^ 2 - ^r j K 


(4.5) 


ctE£ ^=0 j = l J 
n n j 

j =1 £=0 crE£ j 

1 n n f 

lEEE|w-“D 2 

. 7=1 £=0 cr£(/ 3 

1 n n U 

iEEE^«-“D 2 . 

CTe g j=i £=o 3 


Thanks to (14.41) and (14.51) . it suffices to prove that there is 0 < q < 1 such that 


2 n 2 

(2 — (?){ ((3 Xo F) • f) + ^( ( a,F).F) } 


(4.6) 


Denote 


i=i 

1 n n , 

^ 2 i^EEE^w-^ 

ffee j=i £=o j 


') 2 + |F| 2 (|^ 0 F | 2 + ^|^F| 2 j. 

i=i 


-EL = 


9 Xo u. 

9 X iUq d xi u^ ... d xi u 


dx n Uo d Xn ul ... <9x r X 
Let B = {Fg-jo-gg be matrix with n + 1 rows and (n + 1) • \Q\ columns. It represents a linear 
operator from R( n+1 )'ISI into R n+1 . 

Observe that 

2 n 2 

(2-g){((a so F)-F) +^((9 x,F)-f) } < (2 — g)|F| 2 ||B|| 2 , 

3 =1 
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|i ? l 2 (l^o^l 2 + El^^| 2 ) = |F| 2 ||B" 2 


hs- 


3=1 


Clearly, 

||b|| 2 < E l|Bcr|| 2 , I|b||hs = E II^IIhs- 

cr dQ a dQ 

Therefore the inequality (14.61) will be proven if we show that 


(4.7) 


. n n , 

( 2 - q) E ii-^ii 2 -Eii^Hns + ^EEEiw-^ J ) 2 - 


2 “—' *—- ^ 

o -eg j =l £=o ‘ i 


Applying the Cauchy-Riemann type equations (14.21) . we obtain 


(4.8) 


(‘^> 2 = -E?( 




. \ 2 
^7 / cr (7(7) x 

“i - 


3 = 1 


S=1 


^ E*- E>J-«D a 


i=i x * 


(4.9) 


n A’ 2 

.cr^2 _ _ a ,™j\ 2 

c i ^ ^Xj 11 i 

i<j j =1 J 1<2<? 

n n n 


E< 8 - 


> 2 + E 


kn 


^ 2 ( E M (E E ei« - ) 2 


S = 1 


i =0 j=l x i 


Using Lemma 13.11 together with (|4.8|> and (14.91) we have that for every e > 0 there is <5 > 0 
such that 

ki 


(4.io) E ii^n 2 < (! - 5 ) E ii^Uhs + 3e ( E k °) E (E E - u T j f) ■ 

cr&G ctGG s=l o-gCJ i=0 j= 1 1 

Taking e > 0 such that 3e X^s=i < | and utilizing (14.101) we deduce that (14.71) holds with 
(1 - 5) < (2 - q)-\ □ 


5. Maximum principle 

On R + x R ra let 

~ d 2 / d 2 2kj d \ 

dx o “ V dx 2 - Xj dxj J' 

Proposition 5.1. Let f(x q,x\, ...,x n ) be a C 2 function defined on an open connected set 
D C (0,oo) x R n . Assume that f(xo,xi,...,—Xj,...,x n ) = f(xo,xi,...,Xj,...,x n ) whenever 
(xo,x\, ..., — Xj, ..., x n ) and (xo,x\, ..., Xj,x n ) belong to D and L/ > 0 on the set {(x o, ..., x n ) E 
: x\ ■ X 2 • ... ■ x n / 0}. Then f cannot attain a local maximum in D unless f is a constant. 

Proof. The proposition is a corollary of Theorem 4.2 of m For the convenience of the reader 
we present here an alternative proof based one ideas from nu, where the one dimensional 
Bessel operator was considered. 

Denote x = (xo,x) = (xq,x\, ■■■T x n) € (0,oo)xR n , U = {x E (0,oo)xR n : x\-X 2 -----x n fi 0}. 
Set 

v(x 0 ,xi, ...,x n ) = |xi| 2fcl |x 2 | 2fc2 • ... ■ \x n \ 2kn . 

By the divergence theorem for C 2 functions / and g in a smooth region D one has 

(5.2) J^[g div(nV/) - / div(vVg)] dx 0 dxi...dx n = J dD v {9^ ~ /^) ds, 
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where n is outward normal vector to D at x € dD. Observe that div(rV/) = uL/ on D n U. 
So, if g is additionally L-harmonic on D CiU then div(uVg') = wL g = 0 on D 0 U, and setting 
/ = 1 in (15.21) we get 

(5.3) [ v^-ds = 0. 

JdD dn 

Assume that at a = (ao,ai, ...,a n ) € fi the function / attains a local maximum. By Hopf’s 
maximum principle (see m Section 6.4.2, Theorem 3]) a is not a regular point of L, that is, 
a± ■ ct 2 ■ ... ■ a n = 0. There is no loss of generality in assuming that there is m E {1,2, ...,n} 
such that uq 0,..., ctm —i 0, ctm — c^Tri -)-i — ••• — — 0. Let 

h [ r\x 0 ,a 0 ) = J .— exp(—|x 0 -a 0 | 2 /4r), 

V47tt 


hr ] (Xj, 0) = 


-T 


-kj- 1/2 


r(Aj +1/2) 


exp(— x 2 /4t), j G {m, m + 1,..., n}, 
for j ^ {0, m, m + 1,..., n} 


(see (I1.15D L Put 


doi^Ch 2-1) •••> ^n) 



aj) dr. 


We have L^o = 0 on ((0, oo) m x M n+1 D U. It is not difficult to check using the asymptotic 
behavior of the Bessel functions I v (see, e.g., [15]) that there is r > 0 such that V go(x) / 0 for 
every x € B{a , 2r)\{a} C D. Let Dr = {x : go(x) > i?}U{a}. We take R large enough such 
that Dr C B(a,r). For e > 0 small enough let Dr )£ = Dr \ B(a,e). Set g(x) = go(x) — R. 
Then g = 0 on 3Dr, g > 0 on Dr e and -§^g{x) < 0 on dD r, where n is outward normal 
vector to Dr at x E 3 Dr. Using ()5.3I) we have 


(5.4) 



dg 

v ~r ds 
on 


[ vp.ds< 0 . 

/ dB(a,e) On 


Now from (15.21) we conclude that 


(5.5) 


0 < 



g(vlLf) dxodxi...dx n 



g div (uV/) dxodxi...dx n 



ldB(a,s) 


d f , , f f dg 

gv—ds+ / fv— 

i on JoB(a,s) on 


ds, 


where in the last two integrals n is the outward normal vector to B(a,e). Clearly, the second 
summand tends to 0 as e tends to 0. On the other hand, by (15.31) . the third summand tends 

to /(«) I 9 d r v Wl ds - Thus > 

(5.6) ° < [ {f{a) - f)v^-ds. 

JdD R On 

Recall that / attains a local maximum at a and ^ < Oon 3Dr. Hence, from (15.61) we deduce 
that / = f(a ) on 3Dr. So / must be a constant in a neighborhood of a and, consequently, 
/ = /(a) on H, since H is connected. □ 
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6. Proof of Theorem 11.121 


Proof of Theorem 1 1.12\ The second inequality in (11.131) is a direct consequence of the following 
multiplier theorem (see [l] Theorem 1.10]). 

Theorem 6.1. Let x = x(£) be a smooth radial function on R n such that 

y(£) = / 1 ^ [t 2 ] ’ 

\o ifmdA). 

If a function m = m(£) on R n satisfies 

(6.2) M = supj >0 ||xm(i.)|| n/ 2 + e < Too , 

for some e>0, then the multiplier operator 

T m f = 

is bounded on the Hardy space i^„ iax L and 


Tr 


m Wh 1 t 

max,JL max,L 


< M. 


It is not difficult to check that the multiplier mj{£) = i|r, which corresponds to the Riesz 
transform TZj, satisfies (|6.2I) . Hence 7 Zj is bounded from H^ ax L to itself and, consequently, 
form l to L 1 (M n , dfi). 

Now we turn to prove the first inequality in (11.131) . For this purpose we use Theorem 12.41 
Propositions 12.5114.31 and 15.11 combined with the steps of the proof of the characterization of 
the classical Hardy spaces by the classical Riesz transforms (see, e.g., {20, Chapter III, Section 
4]). For the convenience of the reader, we provide the details. 

Assume that / £ L 1 (R n , dpi) and IZjf £ L 1 (R n , dpT) for j = 1,2, ...,n. There is no loss 
of generality in assuming that / is real valued, and hence so are Fjf. Set u(xoi®i) ••■,£ n ) = 
(uq,ui, ...,u n ), where Uj are defined in (14.11) (recall that xq = t > 0). Fix 0 < q < 1 as in 
Proposition 14.31 and set p = l/q. Let F(x o,x) = {u CT (ccq, x )}o- e g. Clearly, 


n lb 

(6.3) sup / \F(x 0 ,x 1 ,...,x n )\dpi(x 1 ,...,x n ) < C( ||/|| L i( R n id#x) + V 

v j =1 ' 

) (see part (b) of Proposition 12.51) 


Denote F e (xi ,..., x n ) = F(e, x \,..., x n ). Then |F e | £ Cq 
and, by (18.61) . 


(6.4) 


sup 

£>0 


I F \ q \\ p < C 1 

Tel \\LP(R n ,d/j,) — ° 


iDQRn.dAx) + E ii^/iU'(i< n i d/J>) J 

3 = 1 

Consider the function G : [0, oo) x R n —>• R, 

G(x 0 ,xi, ...,x n ) = | F(e + a; 0 ,xi, ...,x n )\ q - P Xo (|F e | 9 |)(xi,..., x n ). 

The function is continuous vanishes for xo = 0 and, by Proposition 12.51 

lim G(xq,xi, ...,x n ) = 0. 

(X0 + |(®l,---,Xn)|)->OO 

Moreover, G(x o,x) = G(xo,crx) for every a £ Q. We claim that 
(6.5) G(x 0 ,x) = \F(e + x 0 , x)| 9 - P a , 0 (|T e | 9 )(x) < 0. 

To prove the claim assume that G > 0 at some point. Then it attains a global maximum, say 
at a = (ao, ai,..., a n ). Obviously, ao > 0 and |T(a)| > 0. Take a connected neighborhood Q 
of a such that G > 0 on D and G is not constant on O. Then G is C 2 on O and, according to 
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(12.311 and Proposition 14.31 CG = LG = L|F| 9 > 0 on {(xo, x ±,..., x n ) € H : xi • X 2 •... • x n / 0}. 
This contradicts the maximum principle (see Proposition 15. 111 . Hence (16.511 is proved. 

It follows from (16.41) that there is a sequence e n —> 0 such that \F Sri \ q converges in a weak 
* topology of the Banach space L p (W n , dfi) to h € L p (M n , dfi) and 

n 

(6-6) ll^lll,P(R",d/x) — C , (ll/|lL 1 (R»,d/*)) + Il'fcj/ll.LhR'Srf/x)))- 

3 =1 

From (16.511 and (12.211 we conclude that 

(6.7) |F(x 0 ,x)| 9 < P x . 0 h(x). 

Since the maximal function P* is bounded on L p (M n , dfi(x)) (see Theorem 12.411 . we deduce 
from (16.711 and (16.611 that 

/ sup |u 0 (x 0 ,x)| d/x(x) <c( sup P Xo h(x)Y d/jifx.) 

J xo>0 J 'xo>0 ' 

n 

< C'(ll/l|L 1 (R",d/x) + X! 11 ^3 /11R 1 (R n , d/x )) • 

3 = 1 

Finally, from Theorem 12.41 we get / £ and 

n 

Wf\\Hl^<C(\\f\\L^ 


7. Proof of Theorem 11.161 
Proof of Theorem \1.16[ Recall that 


(7.1) 


(see (H2J) and (II. 4H ). where 


h t( x .y) = Yl h l j} ( x j,Vj) 

3 = 1 


hl j} (x,y) = (At) 1 exp(— 


p(-(x 2 + y 2 )/4t)\xy\ kj+1/2 (l ki . 


\xy\ 


\xy | 

2t 


yfkj—1/2 \f~2f~ J + s g n ( x 

is the heat kernel associated with one dimensional Dunkl operator 

Lf(x) = f"(x) + ^/'(®) - ^ (/(x)-/(-x)). 

Clearly, h\^ (x, y) = h\^ (y, x) is a G°° function of (t, x, y). For a function / defined on (0, oo) Tl 
let / denote its extention to the Q invariant function on M n . One can easily check using ()1 . 14f) . 
(11.15(1 that 

(e tL /r= e tL (7). 

Hence, / belongs to the Hardy space 77,^ ax L if and only if / € ax L . Moreover, 


H 1 . 

max,JL 


c||.rli^i . Let us note that 

J max,L 


\n,f\ = | (Rjfy 

Thus Theorem 11.161 follows from Theorem 11.121 


□ 
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8. Appendix 

It is well known that 

(8.1) [ h { t j} {x,y)dnj(y) = 1, dfij(y) = \y\ 2kj dy. 

JR 

It was proved in [Tj that h\^{x,y) has the following global behavior: 


(8.2) h { t j} (x,y) x < 

From (18.21) we easily conclude that 


.-k—i x2+y2 • c I | ^ , 

t J 2 e 4 1 if | xy\ < t, 

1 l ( x—y ) 2 

t "2 (xy)"v e J t if xy>t, 

1 j ( x-\-y 

1 2 (— xy)~ Kj ~ l e 4t if — xy>t. 


(8.3) 

(8.4) 


0 < h t (x,y) < 


ht(x,y) < 


C 


/X(5(X, y/t)) 


for all x, y G M n and t > 0; 


C 


_g-c|x| 2 /i for | x | > 2n|y|. 


/x(5(x,Vf)) 

We shall need the following inequalities for volumes of the Euclidean balls (see 
(8-5) (f)^ p ( (B( X x,0) ^ (f) N > V xGR", V i? > r > 0. 

The subordination formula (12.11) combined with (17.11) and (18.11) implies 

(8.6) f -Pt(x, y) d/i(x) = f P t (x,y)d/u(y) = 1. 

Jr" 7r« 

Lemma 8.7. There is a constant C > 0 such that 
(8.8) 0 < .Pt(x, y) < 


C 


/*(S(x,i)) 

Moreover, for every 0 < 5 < i i/iere is a constant Cs such that 


(8.9) 


-P*(x,y) < 


C- 5 




n(B(x,t))\ /i(B(x,i)) 

Proof. To see (|8.8I) we use (12.11) together with (18.31) and (18.5|) and obtain 


Ptfr, y) 


< 

r-u 


fj,(B{x,t)) du 


+ 


s: 


fi(B(x,t)) du 


< 


'o P(B(xi,t)) /i(s(x, 2 ^)) J i P(B(xi,t)) n(B(x, 2 ^-)) 

1 / 7 3 „/n d f°° 1\T /n du \ „ 1 


KB(x,t))\J o 


ri 


"/ 2 4= + fe-“« N / 2 -l < 
n Jl 

4 


u) ~ /i(S(x,t))‘ 


The proof of the lower bound of P t (x,y) is obvious. 

In order to prove (|8.9I) it suffices to consider t < |x|/2. By (18.51) . for every 5 > 0 and c > 0, 
we have 


A , M(^( x , l x D) 5 1+<5 / r ( 1 | 
(8 ' 10) ( 1 + p(B(x,^)l + 


Ixl \ (1+^)N | |2 / 

-^=j < C, 5 jC e c l x l for s > 0. 
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Utilizing (18.41) together with (18.101) and proceeding similarly to the proof of (|8.8|) we have 


Pi 


(x,y)< r 

Jo 

-l 

*J. 


^( X ’27S 


)) 


1 + 


|x|)) \ — 5 du 




U 




+ 


o /*(-B(x, 2 ^)) 

4 1 u(B(-X.t)) 


1 + 


/r(P(x, |x|)) fi(B(x.,t)) \~ 1 ~ s du 

t*(B(x,t)) /*(-B(x, 2 ^-)) 


u 


, - 1 -" 5 du 


fi(B(x,t)) fi(B(x, =40) 


2yju' 

n(B(x.,t)) 




x, 


2-v/u 


)) 


Fix 0 < <5 < N . Applying ()8.5|) we obtain 


Pi 


(x,y) < [ 

Jo 


+ 


roo e -u u N/2 


F n(B(x,t)) 


1 + 

1 + 
1 + 


/r(P(x, 

.*)) ' 

M(P(x, 

1*1))' 

M(P(x 

,*)) • 

/r(P(x, 

l*|))' 

/r(P(x 

,*)) ' 

/^(P(x, 

|x|)) 


^( b ( x ’27^)) 


1/ 


/x(P(x,t)) 


u 


-<5N/2 


du 


U 


which proves 


□ 


Proof of Theorem \2.f\ The proof, which is its spirit similar to that of the heat kernel charac¬ 
terization of Patom ( see H). is based on the following result due to Uchiyama 


Theorem 8.11. Assume that a set X is equipped with 

• a quasi-distance d i.e. a distance except that the triangular inequality is replaced by 
the weaker condition 

d(x,y) < A{d{x,z) + d(z,y)}, V x,y,zeX- 

• a measure p whose values on quasi-balls satisfy 

< n(B(x,r)) < r, VrGl, Vr>0; 

• a continuous kernel K r (x,y)> 0 such that, for every r> 0 and x,y, y'&X, 

o K r (x,x) > , 

o K r (x,y) < r~ x [l +, 

o \K r (x,y)-K r (x,y')\ < r ~ x (i + f&yly 1 - 25 ( I ) 5 w h en d(y,y')< r+d l ( ^ y) . 

Here A > 1 and 5 > 0. Then the following definitions of the Hardy space P 1 (A) and their 
corresponding norms are equivalent: 

• Maximal definition: H^ igxK (X) consists of all functions f^L 1 (X,dp) such that 


K*f(x) = sup r>0 / K r {x,y) f(y)dn(y) 

J x 


belongs to L l {X,dp) and the norm 


H, 


max, .Ky 


( x ) — \\K*f\\L 1 (x,dP)- 


Atomic definition: An atom for H^ tom (X,d) is a measurable function a : X 


C 


such that: a is supported in a quasi-ball B, ||a||i,°° < t(B) 1 an d / adp = 0 (see, 


L 


mmmj- Then H^ tom (X, d) consists of all functions f€L 1 (X, dp) which can be 


written as f = ^2e^e a e, where the ae’s are atoms and < +°o, and the norm 

norm ||/||„i (x v. = inf^^|A^| over all such representations. 

n atom ’ a / 
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For X = R n , equipped with the Euclidean distance d(x, y) = |x —y| and the measure /i 
(see (USD) , set 

d(x,y) = VxjGM", 

where the infimum is taken over all closed balls B containing x and y. Let t = i(x, r) be 
defined by fx(B(x.,y/t)) = r. Then 

/ti(.B(x, r)) ~ r 

and there exists a constant c > 0 such that 

(8.12) B(x.,\/t) C B(x.,r) C B(x,cVt), 

where B(x,r) = {y 6 R n : d(x, y) < r} (see, e.g., [I]). 

Let us remark that thanks to (18.121) and (18.51) the atomic spaces iL[ tom ( X , d) and /Lp om 
(defined in Section 1) do coincide and ll/llfri t, ~ ll/llru 

-'atom 

It was proved in [lj that the kernel hj can be written in the form 

h f (x, y) = H t (x, y) + S t (x, y), 

where H t (x, y) and S*(x, y) are nonnegative functions such that there are C i, C 2 C 4 , 5 > 0 
such that 


(8.13) 

(8.14) 


H t (x, x) > p 1 ~ : 


H f (x,y) < 


c 2 

n(B(x,\/t)) 


(1 + 




-1-5 


(8.15) 


H t (x,y)-H f (x,y')| 


< g 4 (1 1 d(x,y) \ 
~ n(B(x,y/t)) ' fi(B(x,\/t)) > 


1 - 2 - 5 / d{ y,y') 

' fJ.(B(x,VT)) > 


for d( y, y') < C 3 rna x{/i(B(x, \/t)),d(x, y)}, (the kernel St is denoted in [T] by Pt). Moreover, 
the maximal function 


S *f(x) =sup 
t> 0 


St(x,y)/(y)d/x(y) 


is a bounded operator on L 1 (M n , d/z). 

Using subordination formula (12.11) we write 

(8.16) P*(x,y) = C4(x,y) + W t (x,y), 

where 


chi r°° chi 

U t (x, y) = ci e “H t 2 /4u (x, y)—=, W t (x.,y) = a e u S t 2 /Au {x,y)—=. 

Jo V u Jo V u 


Clearly, the maximal operator 


W*/(x) = sup 
t> 0 

is bounded on L 1 (M n , d/z), that is, 


m(x,y)/(y)d/*(y) 


(8.17) 11 / 11Z, 1 (M” , d/x) < C'll/llz, 1 (M™,cZ/x)- 

Our task is to prove the following lemma. 
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Lemma 8.18. There are constants C±, C 2 , C 4 , S' >0 such that 

(S- 19 ) u t (x,x) > 


( 8 . 20 ) 


d(x,y) N-l-3'. 


U t(*,y) < M (R(x,t)) A+ WS)) ) 


( 8 . 21 ) I t/«(x.y) - C/ t (x, y') | < (1 + (;$$&)' 

/or d( y,y') < C 3 max{/Lt(S(x, i)),d(x,y)}. 

Proof. Take 0 < 5 < N -1 . By (|8.13D and the subordination formula we have 

TT( y ^ r e-“ du ^ [°° e~ u »(B(x,t)) du 

H ’ Wi MS(x, 5^-)) ~ / 1 


du > d 00 e _u 

)) >/“ ~ A M s ( x , *)) A*(S(x, )) 


> 


P ( B ( x , t )) 


j; 


du > 


u ~ n(B(x,t))'' 


which proves (18.191) . 

The proof of (18.201) is similar to that of (18.9p . Indeed, by (18.141) we have 


f c 

,y)< / 

do 

A 


fj.(B(x,t)) 


1 + 


d( x ,y) n(B(x,t)) \-i -5 du 


/x(5(x, t)) /i(fi(x, 2 ^-)) V /i(-B(x, i)) /*(5(x, 2 ^)) 
e"“ Ai(5(x,t)) 


u 


tAL A i d (x.y) MgCM)) y 1 

i)) \ u(B(x.t))J \u(B(x. 


- 1 - 15 du 


o n(B(x,t)) n(B(x, 2 ^-)) V fi(B(x, t ))/ ^(^(x,^-)) 


u 


+ 


/; 


/i(B(x,t)) 


t*(B(x,t)) fi(B(x, 2 ^ 5 )) V /i(B(x,t)) 


1 + 


d(x, y) 


Now using (18.51) we obtain (18.201) . 

Now we turn to the proof of (18.211) . First we show that for every x, y, y' € R n we see that 


( 8 . 22 ) 


| Ut ( x , y ) — Ut ( x , y ') | < ^A)) ( m(b£)) ) 


Since Ut(x,y) < Cfj,(B(x., t)) 1 (see (| 8 . 20 p b it suffices to prove () 8 . 22 j) for dfv. vT < fi(B(x,t)). 
Let uo > 1/4 be such that /x(Z?(x, 2 ^_ )) = d(y, y 7 ). Then, using ()8.15|) and ()8.5[) . we have 


ruo 

Jo 


du 

|H *2 (x,y) - Hta (x.y'JI-p < 


r*uo 


U 


d( y,y') xwdu 


/*( 5 (x, 2^)) V(^(x, 5A7)) / 


3 

1 

QJ 

0 

d d~(y,y') \ 

Ai 

( f^(B(x,t)) \ 

du 

Jo P( B (x,t))' 

W(^(x,t))d 

W(5(x,^))J 

Vu 


~ A(d?( 


1_d rf(y.y') f 

(x,t))\/j.(B(x,t))) v/o 


1/4 n(l + l)/2^ 


e u 


u 


+ 




r ’ U ° u„.N(l+N~ 1 )/2 du 


e u 


' 1/4 
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Similarly, by (18. 140 . we get 


/•OO 

/ e -n |H_t 2 _ (x, y) 

J UQ 4:U 



< 


< 


L 


U 0 fi(B(x,t)) 
i r°° 

(x,t)) Ju 0 






u. 


—N/2 


~ u u N/2 du 

\fu 


du 

yfu 


Since 

^(y,y 7 ) = 27 s?)) > -N/2 

fj,(B(x,t)) n(B(x.,t)) ~ U ° 

(see (USD), we obtain (18.221) . 

We are now in a position to continue the proof of (18.211) . 

If d(x, y) < fi(B(x,t)) then (18.211) follows from (18.221) . 

If d(x,y) > fi(B{x.,t)) and d{ y,y') < d(x.,y)/(2A), then d(x,y) < 2Ad(x,y'). Hence, from 
(18.201) we conclude that 


(8.23) 


C/ t (x,y)-C/ t (x,y / )| < 


c 2 (1 I d(x., y) \ — 1—<5 
V (B(x,t)) V /x(B(x,t)) ) 


Consequently, we deduce (18.211) (with perhaps small 5 1 > 0) from (|8.22l) and (18.231) . 

It remains to consider the case when d(x,y) > /z(P(x,i)) and d{ y,y') > d{x,y)/(2A). 
Recall that d(y,y') < /r(P(x, t)). Thus d(x, y) ~ /r(P(x, t)). So, finally, using (18.2211 we have 


|C/ t (x,y)-C/t(x,y')| < 


C 4 


■( 


d(y,y') \£ 


This completes the proof of Lemma 18.181 


)n < 


C 4 


IN 


H(B(x,t)) V n(B(x,t)) 


) N (i + 


d(x, y) \-l -<5 
u(B(x,t)) ) 


□ 


Set A' r (x, y) = Ut(x,y), where r = /x(P(x, i)). Now part (a) of Theorem 12.41 follows from 
(|8.16l) . boundedness of the maximal function IT* on L 1 (M n ,/r), and the Uchiyama theorem 
(see Theorem 18.111) combined with Lemma 18.181 

Now we turn to the proof of part (b) of Theorem 12.41 Recall that P*(x, y) > 0. So, by (|8.6I) . 
the operator P* is bounded on L°°(R n , dfi). Thanks to (18.201) and (18.171) . it is of weak-type 
(1,1). Finally, from the Marcinkiewicz interpolation theorem we conclude that P* is bounded 
on L p ( R ra , dfj,) for 1 < p < 00 . □ 

Proof of Provosition 12.51 Fix s > 0. There is R > 0 such that |g(x)| < e for |x| > R. Write 


9 — 9Xb(o,R) + 9Xb(o,R) c 9o + 9i- 

From (18.61) we get |P f gi(x)| < s for every t > 0 and x £ M n . Now using (|8.8p we obtain 


C 


|Pi 5 o(x)| < 11 Po Hz. 1 (s n , dfj.) 


0 as t —} 00 . 


On the other hand, if t remains in a bounded interval and |x| > 2nR, applying 


we have 


|Pi5o(x)| < 


C 


1 + 


/x(P(x, |x|)) 


— 1—5 


IISoHiAOR” ^ 0 as |x| 


/r(P(x,t))V n(B(x,t)) 

The proof of the first part of Proposition 12.51 is complete. 

In order to prove the second part of the proposition we fix e > 0. We claim that 


00 . 


lim P £ /(x) = 0. 

|x|—>00 



















































17 


RIESZ TRANSFORMS AND HARDY SPACES H 1 

To proof the claim let e' > 0. Take R > 0 large enough such that |/(y)| c?^i(y) < 

£'h(B(0,e)). Write / = fxB(o,R) + fXB(o,Rf = : /o + fi- Then, by ([Ml) and (JE21) we 
have |P e /i| < s' . On the other hand from the first part of the proposition we conclude 
that limixi^oo P £ /o(x) = 0, which gives the claim. Now (|2.6I) follows from the first part of 
Proposition 12.51 since Pt+ e f = Pt(P £ f). □ 

Acknowledgments. The author wishes to thank Jean-Philippe Anker, Pawel Glowacki 
and Rysiek Szwarc for their remarks. The author is greatly indebt Bartosz Trojan for his 
suggestions which shorter the original proof of Theorem 11.161 
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